Attractors and Expansion 
for Brownian Flows 



by 



G. Dimitroff^ and M. Scheutzow^ 



Summary. We show that a stochastic flow which is generated by a stochastic differential 
equation on with bounded volatiHty has a random attractor provided that the drift com- 
ponent in the direction towards the origin is larger than a certain strictly positive constant 
(3 outside a large ball. Using a similar approach, we provide a lower bound for the linear 
growth rate of the inner radius of the image of a large ball under a stochastic flow in case 
the drift component in the direction away from the origin is larger than a certain strictly 
positive constant /3 outside a large ball. To prove the main result we use chaining techniques 
in order to control the growth of the diameter of subsets of the state space under the flow. 
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1 Introduction 

It has been suggested that stochastic flows can be used as a model for studying the spread of 
passive tracers within a turbulent fluid. The individual particles (one-point motions) perform 
diffusions while the motions of adjacent particles are correlated in order to form a stochastic 
flow of homeomorphisms. Infinitesimally the flow is governed by a stochastic field of continuous 
semimartingales F{t, x) via a stochastic differential equation (SDE) of Kunita-type 



We will be interested in questions concerning the asymptotics of these flows. We aim at condi- 
tions for the existence of a random (pullback) attractor. 

One might expect that an SDE with bounded and Lipschitz diffusion coefficient and Lipschitz 
continuous drift b whose component in the direction of the origin is positive and bounded away 
from zero outside a large ball should have a random attractor, i.e. large balls should contract 
under the solution (semi-)flow generated by the SDE and converge (in an appropriate sense) 
towards a stationary process taking values in the space of compact subsets of the state space M'^ 
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of the SDE. Interestingly, this need not be the case when d >2 ([14'] contains a counterexample). 
It is clear that under the conditions above, the drift is sufficiently strong to push individual 
trajectories towards the origin when they are far away but it may happen that the drift is not 
sufficiently strong to push all trajectories starting far away towards the origin. In fact it may 
happen that a non-empty set of initial conditions (depending on the future of the driving noise 
process) will move towards infinity against the drift (with linear speed). Our main result will 
show however that there exists a number Pq which is strictly positive in case d > 2 and zero 
for d = 1 and which depends on the parameters of the SDE such that if the component of the 
drift b in the direction of the origin is larger than /3o outside a large ball, then all trajectories 
are attracted towards the origin and a random attractor (in the pullback sense) exists. 

Our main result. Theorem 13.11 contains a second statement which is in some sense dual to 
the first: if the component f3 of the drift b in the direction away from the origin is larger than (3q, 
then large balls are very likely to expand in the sense that each compact set will eventually be 
contained in (or swallowed by) the image of the ball under the flow meaning that the probability 
that this does not happen decreases to zero as the radius of the initial ball goes to infinity. In 
fact the results are even stronger: the speed of expansion is (at least) linear with rate at least 
[i — (3q. Similarly, we show that the speed of attraction in the first result is also at least linear. 

To prove the results, we provide bounds on the one-point motion of the solutions (these are 
fairly standard) and also estimates for the two-point motion (which are not as standard) which 
are needed to apply chaining methods in order to control the growth of sets (often small balls) 
under the action of the solution flow. We will be more explicit about our strategy in Section [H 

The paper is organized as follows: in the next section we provide the set-up and some basic 
definitions. In Section [3] we state the main result. Section H] contains the proof. In the Appendix, 
we collect some auxiliary results. 



2 Set-up and preliminaries 

Let (ri, .F, (.Ft)j>o, IP) be a filtered probability space satisfying the usual conditions. On this 
probability space we define a jointly continuous martingale field M(t, 

satisfying M(0, x) = for all x G W^. We assume that its joint quadratic variation is of the form 

{M{-,x),M{-,y))t=t-a{x,y) 

for a (deterministic) function Note that this implies that (t, x) ^ M{t, x) 

is a Gaussian field and t ^ M{t, x) is a Brownian motion (up to a linear transformation) for 
each X. Further, we let b : M*^ — > M*^ be a (drift) vector field. We consider a stochastic flow 
generated via a stochastic differential equation (SDE) of Kunita type, see 0] 

(ps,t(.x) = x+ [ b{(t)s,u{x))du+ j M{du,(t)s,u{x)),Q<s<t<(x>. (2.1) 

J S J S 

We abbreviate A{x^ y) := a(x, x) — a(x, y) — a{y^ x) + a{y^ y). Observe that 

A{x,y) = ^^{M{;x) - M{;y))t. 
We impose the following Lipschitz-type condition: 

Condition (Al) There are constants A > and aL> ^ such that for all x,y we have 
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(i) \\A{x,y)\\<al\x-y\' 

(ii) b satisfies a local Lipschitz condition and (x — y)- {b{x) — b{y)) + aj^lx — y]"^ < A|x — yp. 

Here | • | denotes the Euclidean norm in M.'^ and 1 1 • 1 1 the operator norm for d x d matrices. 
It is essentially well-known, that under assumptions (Al), the SDE (j2.ip has a unique solution 
for each x and s. Indeed this follows from a straightforward modification of Theorem 3.4.6 
in (this theorem requires a linear growth condition of the form \b{x) ■ x\ < c(l + but 
really only uses an estimate of the form b{x)_- x < c(l + \x\'^) which is an easy consequence of 
Condition (Al)). Further, Theorem 4.7.1 in '9\ shows that equation (j2.ip generates a stochastic 
flow of local homeomorphisms (defined in [9], p. 177). Theorem 15.11 together with Lemma 15.31 
shows that (a modification of) this flow is actually strongly complete (or strictly complete) i. e. 
(j) : {0 < s <t < oo} xR'^ X n ^R'^ satisfies for each uj £ n 

(i) (ps,siio) = idjjd, s > 0, 

(ii) {s,t,x) ^ cj}s,t{x,i^) is continuous, 

(iii) for each s,t, the map x i— > (j)s^t{x,uj) is one-to-one, 

(iv) (/)s,u(u;) = (w) o 4>s,ti^) u>t>s>0. 

Additionally, (p has stationary and independent increments and is therefore called a (time- 
homogeneous) Brownian flow, (p can be uniquely (in law) extended to— oo<s<t<cxDin 
such a way that stationarity, independent increments and properties (i), (ii), (iii) and (iv) are 
preserved. In this case we will call (j) the flow generated by the SDE (12.1jl . Note that - in general 
- (ps^ti^) is not onto (not even in the deterministic case). Assumption (Al) allows for example 
for a drift b{x) = —\x\'^x whose solution flow is not onto. 

Observe that flows generated via SDKs driven by finitely many independent Brownian mo- 
tions 

rt "T- rt 

(ps,t{x)=X+ Vo{(ps,uix))du + ^ yi((/.s,n(x))dWi(M), 
Js Js 

where Vi : R*^ — > M"^ are globally Lipschitz vector fields, satisfy Assumption (Al) by taking 
b{x) = Vo{x) and M{t,x) = YZi V^{x)W^{t). 

We will now formulate additional conditions which we will use in our main result. 

Condition (A2) The diffusion coefficient is uniformly bounded, i.e. there exists gb > such 
that ||o(x,x)|| < (T^ for all x G M°'. 

For a given value of /3 G M, the following conditions require that the component of the drift 
in the radial direction is asymptotically bounded from above respectively below by (3. 

Condition (A3'') 

X 

limsup 1 — j- • b{x) < (3. 

Condition (A3^) 

X 

liminf -j — - ■ b{x) > /?. 

Ixj— >oo \x\ 
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2.1 Attractors 

In this section we give a brief introduction to the concept of a random attractor. Let (E, d) be 
a Polish (i.e. a separable complete metric) space and let £ be its Borel cr-algebra. 

Definition 2.1. (a) (fi, J^°, P, {Ot)t(zs) is called a metric dynamical system (MDS), if (il, J^°, P) 
is a probability space and the family of mappings {9t '■ — > 1 1 G M} satisfies 

(i) the mapping {uj,t) ^ 6t{oj) is {T^ ® B{M.),J^^)- measurable, 

(ii) 6*0 = idn, 

(iii) (flow-property) Ogj^t = o Ot for all s,t £ M., 

(iv) for each t £M, Of preserves the measure P. 

(b) A random dynamical system (RDS)on the space {E,£) over the MDS [Q,J-^,F, (Ot)) with 
time M"^ is a mapping 

ip : [0, oo) X E X Q ^ E, (t, x, w) i— > ip{t, x, w) 

with the following properties: 

(i) Measurability.' ip is [B{[0,oo)) £ J^^,£) -measurable. 

(ii) (Perfect) Cocycle property; 

</?(0, uj) = idE for all LO £ , 

(p{t + s,uj) = (p{t, Ogijo) o (p(s, uj) for all LO £ n and all s,t >0. 
The RDS is called (jointly) continuous if additionally 

(iii) the mapping {t,x) i-^ ip{t,x,ij) is continuous for all lo £ Q. 

The following definition is due to Crauel and Flandoli, see @]. 

Definition 2.2. Let cp be an RDS on E over the MDS {Q^J'^, {9t)i^^,F). The random set A{uj) 
is called an attractor for ip if 

(a) A{u:) is a random element in the metric space of nonempty compact subsets of E equipped 
with the Hausdorff distance. 

(b) A is strictly ip-invariant, that is, for each t > 0, there exists a set of full measure such 
that ip{t,u!){A{u))) = A{6tuj) for all u £ fit. 

(c) limt_^oo sup^g^ d{(p{t, 9^t^){x), A[lo)) = almost surely for all bounded closed sets B C E. 

Remark. Attractors as in the previous definition are often called pullback attractors. If almost 
sure convergence in part (c) of the definition is replaced by convergence in probability, then A 
is called a weak attractor, see • For a comparison of different concepts of a random attractor 
for one-dimensional diffusions, see jl3l |. 

We will need the following criterion for the existence of an attractor (a much more general 
result can be found in [t]). For simplicity we formulate it only in case E = M."^ equipped with 
the Euclidean metric. Let be the closed ball with center and radius r. 
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Proposition 2.3. Let : [0, oo) X M'^ X Q ^ M.'^ be a continuous cocycle over the metric 
dynamical system (Q,,J-^,F,{9t)t^]^). Then the following are equivalent: 

(i) Lf has an attractor. 

(ii) For every R > 

lim p{Bjjcu~o a>s ^-\t,Br,e-tuj)} = 1. 

Proof. If ip has an attractor A, then for each e > there exists r > such that A is contained 
in B.r_i with probability at least \ — e. Part (c) of Definition 12.21 therefore implies 

IP{Bij C u^o ^t>s v^-^(t,B,,^_tcu)} > 1 - e 

and therefore (ii) follows. 

Conversely, (ii) implies the existence of a random absorbing set which in turn is sufficient for 
the existence of an attractor (for details, see @| or [3]). □ 

We will show the existence of an attractor for a class of flows (p satisfying conditions (Al) 
and (A2). Since attractors are defined for RDS rather than flows, we have to make sure that (p 
generates an RDS in an appropriate sense. This is done in the following proposition which is 
proved in Strictly speaking, the set-up in [l| is formulated using slightly stronger smoothness 
assumptions on the coefficients of the SDE than in our set-up due to the fact that the authors 
of [H use the Stratonovich rather than Ito's integral. It is easy to see however that in the Ito 
set-up no additional smoothness is required for the following proposition to hold. 

Proposition 2.4. Let (j) be the stochastic flow generated via SDE \2. 1\) satisfying condition 
(Al). Then there is an W^— valued continuous cocycle over some MDS (fi,.F, P, {6t)teK) such 
that the distributions of {4is,t{-, ■) '■ —oo < s <t < oo} and [ip{t — s, .,9s{-)) : — oo < s <t < oo} 
coincide. 

From now on we shall identify the flow (p with the associated RDS (/? in view of the previous 
proposition. In particular, we will check condition (ii) in Proposition 12.31 with (/7^^(t, B^, ^-jcj) 
replaced by (pZtoi^r,^^) and therefore there will be no need to refer to random dynamical systems 
in the rest of the paper. 

3 Main Result 

In the following we denote a closed ball in M*^ with center x and radius r by B(x,r) and define 
Bj. := B(0, r) as before. 

Theorem 3.1. Assume that (Al) and (A2) are satisfied, and define 

Po ■= V2aB (^\{d - 1) + al{d - if + (d - 1)4 + 2A4(d - 1)3^ ^ . 
Let (p be the flow associated to (12. ip . 
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a) If (f) satisfies (A3'^) for some (3 < —Po, then for each < 7 < — /? — Pq, we have 

Urn P jfi^t C o(Br) for all t > 0^ = 1. 

In particular, (j) has a random attractor. 

b) // (j) satisfies (AS/j) for some j3 > (3o, then for each < 7 < /? — Po, we have 

lim F{Byt Q 0ot(Br-) for all t > 0} = 1. 

Remark. 

The same number Pq as in the Theorem also appears in upper bounds for the linear growth 
rate of the diameter of the image of a bounded set under a flow: assume (for simplicity) that (p 
is a flow with 6 = satisfying (Al) and (A2). Then Theorem 2.3 together with Corollary 2.7 



and Proposition 2.8 in 15|] show that 

1 , 7 



limsup ( sup sup —\4>o,ti^)\ J ^ /'o, a.s. 



T^oo yte[o,r] xGBi 

It seems plausible that adding a drift b to the flow (j) which satisfies (AS'^) for some negative /3 
will reduce the linear expansion rate from Pq to Pq + p. In particular, one may expect that linear 
expansion stops completely as soon as Pq + P is negative. Part a) of Theorem 13.11 shows that 
this is indeed true: in fact we get linear contraction of large balls with rate at least — /?o — P- 
For further results concerning upper and lower bounds for the growth rate of the image of a 
bounded set under a flow we refer the reader to [1, 0, [l^, d, H, contains an example of 



a flow in the plane which satisfies (Al), (A2) and (A3^) for some P < for which no attractor 
exists (not even a weak one) which shows that Theorem 13 . 1 1 b ecomes wrong if Pq is replaced by 
when d>2. 

Let us briefly consider the case d = 1. In this case, part a) of Theorem 13.11 savs that an 
attractor exists whenever (A3^) holds for some /? < 0. In fact, one can say more: if the Markov 
process generated by the SDE admits an invariant probability measure which is ergodic in the 
sense that all transition probabilities converge to it weakly (and for this to be true condition 
(A3^) does not need to hold), then the associated RDS automatically admits a weak attractor 
(for this and more general results on monotone RDS, see [^). 

Note that if (/> is a flow which satisfies the conclusion of part a) of the theorem, then the 
inverse flow (i.e. the flow run backwards in time) satisfies the conclusion of b) and vice versa (at 
least if (j) is onto). Therefore, one could just prove one of the two statements and then prove the 
remaining one via time reversal. Unfortunately, the assumptions in both parts do not transform 
accordingly due to the Stratonovich correction term except for cases in which the correction 
term vanishes (which happens for example in case the driving field M is isotropic). 



4 Proofs 

Let us briefly explain the idea of the proof of part b) of Theorem l3.1l (we will explain the necessary 
changes for part a) later): we will divide the positive time axis into increasingly long intervals 
[Tj,Tj+i] (To = 0) and let i2j be an increasing sequence of positive reals. We will provide an 
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upper bound for the probability qi that the image of B^^- under 4'Ti,Ti+^ does not contain Br-^-^. 
We will show that the are summable in case the Ri and are chosen appropriately and 
then apply a Borel-Cantelli argument. This is not quite enough to prove the result: we have to 
make sure that we can choose the Ri to grow sufficiently quickly and we have to ensure that 
in between successive Tj's, the image of Bi^. contains a slightly smaller ball for all t € [TijTj+i] 
with high probability. 

In order to estimate the probability that the image of Br. under <^Ti,Ti+i does not contain 
^Ri+i 1 we will cover the boundary of B/j- with a large number N of small balls with the same 
radius. We first provide an upper bound for the probability that a single point x with norm 
Ri will be mapped to a point with norm at most Ri+i + 1 under (pTi,Ti+i- This probability will 
typically be very small because the drift tends to push the trajectory away from the origin. We 
tune N (and the radii of the balls) such that both the probability that at least one of the centers 
of the N balls moves away too slowly and the probability that any of the small balls attains a 
diameter of size 1 before time Tj+i are small (i.e. summable over i). The required estimates for 
the growth of the diameter of a small ball under a flow are provided in the appendix. 

We start with a well-known lemma and then proceed with estimates on the one-point motion. 
We will often write (j)t instead of ^o,t- 

Lemma 4.1. Let {Wt)f^Q be a standard Brownian motion. Let := supg^^Wg be its running 
maximum. Then for arbitrary c > and t > the following bounds hold: 

P{Wt>c}<-e'^ and F{W^* > c} < . 

Proposition 4.2. Let (j) be a stochastic flow satisfying conditions (Al) and (A2). Let 1 < R < 

R, S > R, T > and /3 eR. 

a) If (f> satisfies (AS''), then for each \x\ = R, we have 

P{|*„.W1 > S.„i^,l*,WI > ii} < exp{ - ^ - ^VT)")^}. 

where li'{R) := sup|,|>e{!/ • b{y)/\y\} + (d - l)ff|/(2R). 

b) If (f) satisfies (A3^), then for each \x\ = S, we have 

P{|0„.WI < H.„in|^l*«WI > «} < exp{ - l{[m)vf-^)y}, 

where p^R) := inf|j^|>j^{y • b{y)/\y\}. 

Proof. We first show a). Let hhe a smooth function from [0, oo) to [0, oo) such that h{y) = y 
for y > 1, < /i'(y) < 1 for all y > and ^'(0) = and define pt{x) = h{\(f)t{x)\) . Applying Ito's 
formula, we get 

dpt{x)= dNt + f{Mx))dt, 
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where 

^* = y, fh'{\Mx)\)^PrrM\ds,Mx)) and, on {|x| > i?}, 

fix) = 7^ • b(x) + TTi^-rTr a(x, x) - .„ x^a(x, x)x < 7^ • b(x) + ^—j^cr'^ 
\x\ 2\x\ 2\x\'^ \x\ 2\x\ 

< sup ^•6(y) + ^a| = /3*(i?). 

\y\>R\y\ 2ii 

For the quadratic variation of N, we have the following bound: 

t 

^^)* - / I , / M2 '^r(^)"('?^^(^)^'/'^(^))'/'s(^) < alt. 

J iMxjr 


The continuous local martingale can be represented (possibly on an enriched probability 
space) in the form Nt = <7sVF^(t), where is a standard Brownian motion and the family of 
stopping times C{s) satisfies C{s) := {-^N)s < s. Let r := inf{t > : pt{x) < R}. For |x| = R, 
we get (using an upper index * to denote the running maximum as before) 



{prix) >S}n{T> T}j < F{\x\ + N^ + P*{R)T > S} = F{N} >S-R- P*{R)T} 



o-bVT (Jb J L 2VV CTfiVT (JB 

where we used Lemma |4. II in the last step. This proves part a). 

The proof of part b) is analogous to that of a): just interchange R and S and estimate / 
from below by (3^{R) on the set {|x| > -R}. □ 

We continue with the proof of part b) of Theorem 13.11 which is slightly easier than that of 
part a). 

Proposition 4.3. Let (f> be a stochastic flow satisfying conditions (Al), (A2) and (AS/j) for 
some /3 G M. Let 1 < R < S , and let /3*(-R) be defined as in Proposition \4-^ Then for each 
\x\ = S, we have 

¥ jinf \Mx)\ < < exp I - 2(5 - R)f3,{R)^\. 

Proof. It suffices to prove the statement in case f3.^{R) > 0. Using the same notation as in the 
proof of Proposition 14. 2 ^ we get for \x\ = S: 

pt{x) = S+ f f{(Pos{x)) ds + Nt>S + P,{R)t + Nt on {t < r}. 
Jo 

Therefore, using a well-known formula for the law of the supremum of a Wiener process with 



8 



drift (e.g. [2], p. 197), we obtain for T > 



[t<T} < ¥{ inf \cl)ot{x)\<R 

1 o<t<T ' 



< P<^ ini {S + [i^{R)t + Nt} < R 

' 0<t<T 



< inf {pjR)t-aBW:}<R-S 



< 



lt>0 y OB J O'B J 



exp{-2/3,(i?)^^}, 



so the assertion in the proposition follows. □ 

The following proposition is a rather easy consequence of the preceding two propositions and 
the results in the appendix. 

Proposition 4.4. Let : [li oo) [1, oo) he strictly increasing such that lim^^oo = and 
lim^^oo = 0. Let cp be a flow satisfying (Al), (A2) and {AS/s) for some (3 > /3o, where f3o 
is as in Theorem \3.1[ Let e G (0, 1/2) and 7 > satisfy 7 + e < j3 — I3q. For S > 2 define 
T := V(S), R:={1- e)S and R := S + -/%b{S). Denote 

PS := P {{Br ^ 0ot(Bs)} U Uo<t<T {Br ^ -/-ot (Bs)}} . 

Then limsupg^oo logP5 < 0. 

Proof. We can and will assume that S > e^^. For each ^ G (0,5"], we can cover dBs by 
N = < Cd (^j^ balls with radius ^ centered on dBs, where q is a universal constant 

which only depends on the dimension d. Specifically, we will let ^ = exp{— r^(S')}, for some 
r > 0. Denote the balls by Mi, M^v and their centers by xi, ...,xj\f. Using the flow property 
and Propositions 14.2 1 and 14.31 we get 

PS < iVmax{P(|,/.oT(x,)| <i? + l, inf \cl)ot{xi)\ > R + 1) +¥{ mi \(t>ot{xi)\ < R + 1) 

i 0<t<T 0<t<T 

+P( sup diamcPotiMi) > 1)} 

0<t<T 

< N{S,r){Ai{S)+A2{S)+As{S,r)), 
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where 



2al ' ' 

A2{S) = exp { - 2/3,(;? + 1) ~ ^ ~ ^ } = exp { - 2p,{R + 1)^^^} 
A'iiS^T) = maxP{ sup diam0oi(Mi) > l} 

« 0<i<T 

A^(5,r) = Cd5'^-iexp{(d-l)rV'(5)}. 

Clearly, lim^^oo log(-^(5', r)A2(S')) = — cxo. Further, Theorem 15 .1^ the remark following 
the proof of Theorem 15.11 and Lemma 15.31 show that 

limsup-^logyl3(5,r) < --L(r-A)2, 

provided that d>2 and r>A + (T|^(iord = l and T > A. Therefore, 

hm sup -i- log(iV(5, T)As{S, F)) < (d - l)F - -i^(F - A)^, (4.2 
s^oc ip{S) 2al 

which is negative if F exceeds the larger of the two roots of the right-hand side of (j4.2p . i.e. 

F > Fo := A + al{d - 1) + (2Aai(d - I) + ai{d - iff'^. 
Finally, observing that {d — l)Fo = tt^-, we get 

imsup-J-log(iV(5,F)^i(5)) ^ — 



1 , . _ „ 1 



limsup^^log(Af(5,F)^i(5)) < (d-l)F-^(/3-7)2 

E 

2a^ 



< (d-l)F-^(/3o+e)' <0, 

B 



provided that F — Fq > is sufficiently small. Therefore, we can find some F > Fq satisfying all 
of these conditions and the proof is complete. □ 

Now, we can easily complete the proof of part b) of Theorem 13.11 

Proof of Theorem [37T]b). Let < 7 < /3-/?o and choose e G (0, 1/2) such that 7+e < /?-/3o- 
Let 5o > 2 and define recursively = Si + 'ytp{Si). Define ps as in the previous proposition. 
By the previous proposition, we know that ^^Ps^ converges provided that exp{— c'i/'(5'i)} 
converges for every c > 0, which is easily seen to be true if we take ip{x) = for some 
a S (0, 1), and part b) of Theorem 13.11 then follows from the first Borel-Cantelli Lemma and the 
time-homogeneity of (p. □ 

We now provide the proof of part a) of Theorem 13.11 It is partly analogous to the previous 
one with the exception that it does not seem to be obvious how to prove the analog of Proposition 
14. 3[ The following two propositions provide additional estimates for the one-point motion. 
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Proposition 4.5. Let cf) he a flow satisfying conditions (Al), (A2) and (A3^) for some /? < 
and letV >l satisfy (3*{V) < 0. Then, for each S > R>V, x , we have 

n\Mx)\ > S, ^mf^l<^ot(^)| <R}< 2exp { - 

Proof. Define p, N, and W as in tlie proof of Proposition 14. 2i Then 

OT(:r)| >5, ^mycPot{x)\ < R} 
<F{30 < s <t <T : ps{x) = R, pt{x) = S, inf pu{x) > R} 

s<u<t 

<F{30 < s <t <T : aeWit) - (7bW{s) + /3*{V){t - s) > S - R} 

< Pjao < s < t < 1 : {W{t) - W{s)) > ^^^} 

< 2P| sup W{t) > ^~^ } 
1 /5-i?\2^ 



8T\ GB 

and the proof of the proposition is complete. □ 

We remark that the statement in the previous proposition can be sharpened if we do not 
drop the drift term in the proof (see [l5|, Proposition 2.8) but the statement above meets our 
demands perfectly. We will also need the following result. 

Proposition 4.6. Let (j) be a flow satisfying conditions (Al), (A2) and (A3^) such that /3 < 0. 
Let V > 1 be such that P*{V) < and R > V. Then for each \x\ = R, 5 > 0, and h > 0, we 
have 

1 (5^ 

F{ sup \cj)o4x)\>R + 5}<3exp\--^}. 
o<s<h Ha^h) 

Proof. Let 

n := inf{s > : \^oA^)\ >R + S}, rs := inf{s > : \^oA^)\ < ^1- 

Then 

P{ sup |0o,s(a;)| >R + S}< P{ti <h,T2> n} + P{ti < h, T2 < n}. 

0<s<h 



Arguing like in the proof of Proposition 14. 2t we get 

0<s<h usssn «- 2o-|/ 



[n <h,T2> ri} = P{ sup \(l)oA^)\ >R + S, inf |0o,s(x)| > < exp | - J4tI' 
o<.<h 0<s<Ti L 2ai,h) 
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and, arguing like in the proof of Proposition 14. 5L 

IP{ti <h,T2< n} = P{ sup \(l>o,six)\ >R + 6, inf |0o,.(a;)| < V} 

0<s<h 0<s<ri 



< P{3 < s <t<h: ps{x) = V, pt{x) = R + 6, inf pu{x) > V] 

s<u<t 

<F^30< s<t<l -.Wit)- W{s)-- ^ + '^-^"1 

< 2P| sup W{s) > ^ + 

o<s<i 2aB\h J 

r 1 52 . 



R + 6-V- 



1 5^ 

where we used Lemma l4.1l and the fact that -R > y, so the assertion of the corollary follows. □ 



Proof of Theorem 13.11 a). For the reader's convenience, we start by stating all assumptions 
and notation in the proof. 

Let e G (0, 1/2) and 7 > satisfy 7 + e < -/? - /?o, a G (0, |), § > k > 1/ > 1, ip{x) = x", 

5 := TV", R:=S + ^T,R := (1 - s)S, c:=^, e, := c/f (j € N), 6 := 5[j, T) := T^l^ {iy'\ 
Further, 1/ > 1 is a fixed number (not depending on T) such that f3*{V) < 0. Since we are 
only interested in asymptotic statements as T — > 00 we can and will assume that R> V . Let 

PS ■■= P{Br ^ (Pori^s) or ^ (pJri^s) for some s £ [0, T]} 

< 1P< U ({\<PoT{x)\>S}nl inf |</>ot(x)| >i?|U +pJ sup sup \cl)sTix)\>s\ 
=: A1+A2. 

Once we know that limsupg^go ^^j^^logps < 0, then Theorem 13.11 a) will follow just like part 

b). To estimate Ai, we cover c^B/j by < c^R'^^^e^^'^^^''^ balls of radius e~'"^ centered on c^B/j 
and we obtain 

for an appropriate choice of F > as in the proof of Proposition 14.41 (using part a) of Proposition 
14.21 instead of part b)). 

To finish the proof of Theorem 13. H it suffices to prove that 

limsup — log^2 = limsup — logP| sup sup \(j)sTix)\ > T^^'^^ = —00. 

Define Ys := (sup|^.|=;j \(t)sT{x)\ - R)^ , Zs := ( sup|^.|^jj^^i/c«£/2 \(t>sT{x)\ - R)^ , < s < T. We 
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have 



limsup log P I sup sup \(I)st{x)\ > T^^"} 
= limsup;^logP{ sup Ys>eT^/'^] 



< limsup log ((T + 1) max p| sup Yt > eT^^"'}) 

T^oo T \ 0<s<T-l 1 s<t<s+l J ^ 

= limsup — log max p| sup Yt > eT^^'^\ 

T^oo T 0<s<T-l I s<t<s+l J 

< limsup log max fp| sup sup \(t>ts{x)\ >R+-T^^'^} + f\Zs > eT^/^jV 

T^oo T l<s<T \ ^s~l<t<s\r\ = R 2 J L J/ 



We treat the two terms in the last sum separately. We start with the second one. We want to 
show that 

limsup -log ( sup F{Zs > eT^/"}) = -oo. (4.3) 

To show this, fix < s < T, abbreviate R := R + T'^/°'e/2 and cover the boundary by 
N < CdR^~^e^^'^~^^'^ balls of radius e"'""^ centered on i9B^ for some F > (the constant can 
be chosen to depend on d only). Number the balls by Bi, ...,Bj\f and their centers by xi, xat. 
Then 

F{Z, > eT^/"} =P{ sup \(I)st{x)\ > iJ + eT^/"} 

\x\=R 

< iv( sup P{|(/.^t(x)| > i^ + eT^/" - 1} + max P{diam </.^t(S,) > 1}) 
^\x\=R i=i,...,N ) 

<7V( sup P{|</.,t(x)| >i? + eTi/"-l, inf \<^st{x)\>V) 

\x\=R 

+ sup F{\(I)st{x)\ > i? + er^/" - 1, inf \(l)st{x)\ <V}+ _max F {diam MBi) > 1}). 

\x\=R s<t<T t-l,...,N / 

Estimating the three summands using Propositions 14.2b ). 14. 5|, and Theorem 15. H respectively, 
we obtain (14. 3p by letting F ^ oo (after taking the limsup over T). 



It remains to show that 

limsup log max p| sup sup \(t>ts{x)\ > R + -T^/") = -oo. (4.4) 

T^oo T l<s<T ^ s-l<t<s \x\=R 2 ) 

Proving this is not entirely straightforward. One might try to proceed as (by now) usual by 
covering x [s — l,,s] by small balls and controlling the diameter of their images at time s 
and the norm of the images of their centers at time s. One of the obstructions to this approach 
is that we have no uniform control of the component of the drift 6 towards the origin, i.e. the 
norm of the solution process can drop considerably within a very short time (resulting in an 
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uncontrollable increase of the diameter of a small space-time ball within a short time). What 
we can control is the speed away from the origin thanks to assumption (A3^). Therefore we 
proceed as follows: define 

Xt := sup {\<Ptiix)\ - R)^ , t G [0,1]. 

\x\=R 

Applying Lemma 15.41 with Sj := c/ j'^ , j £ N (with c = O/vr^), we obtain 
P| sup sup |</.t,(x)| >i?+^ri/°| 

I s-l<t<s \x\=B^ ^ ^ 

= P| sup sup >R+^T'H 

= p| sup Xi>|ri/-| 

oo 

< 5^ 2^-1 sup p{x,-x,+2-. >:^|tV«} 

To estimate the probabilities in the last sum, we cover the boundary by = Nj < 

Cd{B2^ e^" )'^~^ balls of radius 2~^e~"^" centered on 9B^, where v G (1,2) (the constant Cd can 
be chosen to depend on d only). Number the balls by Mi, M^r and their centers by xi, ...,xn- 
For fixed j,t and |x| = R, let x be the projection of (pt,t+2'iix) (^^R (there will be no need 
to worry about the possible non- uniqueness of x). For u > we get 



'\Xt-Xt+2-J >u}<n( max P{diam0a(Mi) > ^} 

L J \i=l,...N Z 

u - \ (4.5) 

+ sup P{||(/)n(:E)| Vi?-|0i+2-M(i)l Vi?| >-, \(pt,t+2-^{x)\>R}) 
\x\=R ^ ^ 



There are two terms to estimate. We start with the second one. Recalling that 5 = T'^/^d)^/ , 
and assuming that |x| = R, we have 

— — u — 

P{||</>ti(x)| Vi?- |(At+2-M(5)l Vi?| > -, \cl)t,t+2-A^)\ > R} 

— — — 11 

<^{\(pt,t+2'^(.x)\>R + 6}+ sup P{||0t+2-M(y)l Vi2-|04+2-MWI Vi2| > -}. 

\y\=R,\y-^\<i ^ 

(4.6) 

Again, we have two terms to estimate. By Proposition 14. 6t we have 

r IT'^I'^V'-, 

F{l'^i,t+2-.(a;)| >i? + 5} =I°{l'^o,2-.(^)l >^ + '5} <3exp{ - I 
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and therefore 



^2^--iiVP{|0,,,+2-,(x)| >i? + 5} 



O ^ 1 A ' 



where we estimated the infinite sum of the form X^j^i^'i from above by the geometric series 

Pi X^j^o (pf)"'' Since k > u > 1, the term converges to zero superexponentially in T. 

Next, we estimate the second term in ()4.6p . Lemma 15.31 and Lemma 14.11 show that for 
y, z G M*^ such that |y — z| < J we have 

— — u 

^{\\A+2-^,i{y)\ V ^ - \^t+2-^A^)\ V ^1 > 2 } 



<iP{l0t+2-M(y)-'^t+2-MWI > 2} 

<F{6exp{aLW^ + X} > -} 



(4.7) 



and for \y\ = R, \y — z\ < 5, we have 



— — u 

'{\\A+2-^,i{y)\'^R-\A+2-^Az)\vR\ > -} 



(4.8) 

We use (|4.7p for j >T and (j4.8p for j <T and assume that T > 1 is so large that (j log |)/4 > 



<2 sup P{(|<^t+2-M(x)| -/?)+>-}• 

|a:|<fl+<5 ^ 
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— log(-%7%) holds for all j > T. Applying Proposition 14.61 we obtain, for T sufficiently large 



J]2^-iiV sup sup P{||0t+2-M(y)l Vi?-|./'f+2-M(^)l Vii| >4?r'^"} 



j=l 0<t<l-2-3 \y\=R,\y-z\<5 

[T] 



j2 4' 



< c,R'^-'e^"('-'UY,2^' sup sup P{|</<,+2-m(x)| > i?+ ^jT^-} 

j=l 0<t<l-2~i \x\<R+5 J * 

1 //ce„i/„ 



j=l B J 

oo 1 -2 Q 



LTJ 



1 J^n 3, 



Evaluating the geometric series and estimating the sum by T times the largest (namely the last) 
summand, we see that the whole expression decays superexponentially in T . 

Finally, we estimate the first term in (14. Sh . Applying Theorem 15.1b ) with g = (i + 1 and 
Lemma 15.31 we get 

oo 

^2^-iArp{diam</)a(M,) > 4 7^'^"} 

oo 

i=i 

which decays to zero superexponentially as T — > oo (here depends on the parameters of the 
SDE and on e but not on T). Therefore, (|4.4|) follows and the proof of Theorem 13. II is complete. 
□ 

5 Appendix 

To prove Theorem I3.lt we need the following result. Part b) of the following theorem is also 



contained in 15|. We provide its proof for the reader's convenience (and because it is short). 



Theorem 5.1. Let {t,x) ^ (pt{x) be a continuous random field, {t,x) € [0, oo) x M"' taking 
values in a separable complete metric space {E,p). Assume that there exist numbers A > 0, 
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a > and c > such that for each x,y £ M , T > 0, and q > 1, we have 

(e Slip {p{Mx),My))A < c|rE-y|exp{(A+iga2)T}. (5.9) 

\ 0<t<T J ^ 

a) For each cube X with side length ^, T > 0, u > 0, and k, £ (0, 1 — d/q) we have 
h) For 7 > 0, define 

if7>A + CT2d 

I{l)-=\ d{"f - k-\a'^d) ifA + ia2d<7< A + CT^d 
I if7 < A + ifj^ci. 

Then, for each u > 0, we have 

lim sup sup log P{ sup sup p{(j)t{x),(ptiy)) >u}< -1(7), 

T-^oo ^ Xt x,yeXT 0<t<T 

where sup^^-^ means that we take the supremum over all cubes Xt in M'^ with side length 
exp{-7r}. 

The proof of Theorem 15.11 reUes on the following (quantitative) version of Kolmogorov's 
continuity theorem which is proved in [is']. 

Lemma 5.2. Let G = [0, l]'^ and assume that there exist a,b,c> such that, for all x,y £ [0, 1]'^, 
we have 

BmZ.,Zy)r)<c\x-y\i+\ 

Then Z has a continuous modification (which we denote by the same symbol). For each k S 
(0,6/a), there exists a random variable S such that £(5"*) < and 

sup {/5(Z,.(cu), Zy{uj)) ■.x,ye [0, 1]^ \x - < r} < -^^S{u;)r^ 
for each r G [0, 1]. In particular, for all u > 0, we have 

^^^vJiZ^.Z,) > .| < (— ) j^u--. (5.10) 

Proof of Theorem 15.11 Let T > 0. Without loss of generality, we assume that X := Xj- = 
[0,^]'^. Define Z^{t) := 4>t{^x), x G R'^. For q>l, 1^ implies 

(b sup p{Z,{t),Zyit)y] <cC\x-y\e^^-^h-"^'', 

\ 0<t<T I 
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h = q — d for any q > d. Therefore we get for n G (0, b/a): 

2d \ <? c«ci2'i""-'?+<i ^ 

o[(l)t{x),My)) >u\ < [- 

x,yeX 0<t<T 



i.e. the assumptions of Lemma 15.21 are satisfied with a = q, c = exp{{A + ya'^)qT}^i and 



/ 2d \ 9 (?d2'^'^~'i~^'^ 1 
sup sup >u} < (^-^j _____exp{(A + -ga2)grK'?tx-'', 



so part a) follows. Inserting ^ = e "^'^ , taking logs, dividing by T, letting T ^ 00 and optimizing 
over q > d yields part b) of Theorem 15. 1[ □ 

Remark. If, in addition to the assumptions in Theorem 15.11 the map x 1— > (pti^) is one-to-one 
for all t and lo, then part b) of Theorem 15.11 holds with d — 1 replaced by d in the definition of 
1(7) since we can apply Lemma [5.2l to each of the faces of and the supremum over x,y £ Xt 
is attained for x,y on the boundary of Xx- 

The following lemma is almost identical to Lemma 4.1 in [l^ and Lemma 5.1 in [i*]. We 
provide its proof, since our assumption (Al) is slightly weaker (in some respect) than in those 
references. 

Lemma 5.3. Let (Al) be satisfied. Then, for each x,y G M'^, there exists a Wiener process W, 
such that 

sup |</,,(x)-</>i(y)| <e'^^^^+^^ (5.11) 

0<i<T 

for all T > 0. In particular, the assumptions of Theorem \5.1\ hold with E = W^, p = \.\, a = aL, 
A = A and c = 2. 

Proof. Fix x, y gM.'^, x ^ y and define 

Dt:=Mx)-My), Zt:=^log{\Dt\'). 

Therefore, Zt = f{Dt) where f{z) := \ log(|z|2). Note that A / for alH > by the one-to-one 
property. Using Ito's formula, we get 

,7 A-(M(dt,0,(x))-M(dt,(/>,(7/))) , Df{b{Ux))-b{Uy))) 

* " w w 

We define the local martingale A^t , t > by 



and obtain 



Zt = Zq^ Nt^ \ a(s, w) ds, 



where 

supsupesssup^|a(s, w)! < A 

x,y s 
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and 

d{N)t = Y.^^^A,j{Mx),My))dt < aldt. (5.12) 

i,j *' 

Since is a continuous local martingale with Nq = 0, there exists a standard Brownian motion 
W (possibly on an enlarged probability space) such that Nf = aLWT(t-^, t > and (I5.12|) implies 
T{t) < t for all t > 0. Hence 

Zt<log\x-y\+aL sup ly^ + At. (5.13) 

0<s<t 

Exponentiating the last inequality completes the proof of the lemma. □ 

In the proof of part a) of Theorem 13.11 we need the following one-sided Chaining Lemma 
(without absolute values). 



Lemma 5.4. Let T > and let Xt, < t < T be a real-valued process with right- continuous 



paths. Let Sj, j £ N be positive and satisfy £j = I. Then 



F{ sup Xt- Xt>u} <y] 2^-^ sup F{Xs - Xt > £ju}, u>0. 

0<t<T -^-^ 0<s<t<T,t-s=2-iT 

Proof. For t G (0,r] and j G N define a(j,t) := \2^-'^t/T'\2-^+'^T. Then, by right-continuity, 

oo 

Xt - Xt = ^ (X„(j+i^t) - X^(^j^t)) 
i=i 

for t > 0, and therefore 

CO 

P{ sup Xt-XT>u] 2^^^ max ¥{X,j^_i.^.j+ij, - X^a-i+iT > ^ju] 

0<t<T , A:=l,...,2J-i 
j=l 

proving the lemma. □ 
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